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The optical properties of atomically thin transition metal dichalcogenide (TMDC) semiconductors
are shaped by the emergence of correlated many-body complexes due to strong Coulomb interaction.
Exceptional electron-hole exchange predestines TMDCs to study fundamental and applied properties
of Coulomb complexes such as valley depolarization of excitons and fine-structure splitting of trions.
Biexcitons in these materials are less understood and it has been established only recently that they
are spectrally located between exciton and trion.
Here we show that biexcitons in monolayer TMDCs exhibit a distinct fine structure on the order
of meV due to electron-hole exchange. Ultrafast pump-probe experiments on monolayer WSe2 reveal
decisive biexciton signatures and a fine structure in excellent agreement with a microscopic theory.
We provide a pathway to access biexciton spectra with unprecedented accuracy, which is valuable
beyond the class of TMDCs, and to understand even higher Coulomb complexes under the influence
of electron-hole exchange.
The exchange interaction between electrons and holes
in semiconductors has long been a major field of interest
in both theory and experiment. It has been discussed in
the context of longitudinal-transverse exciton splitting in
bulk materials [1, 2] and of exciton fine-structure split-
ting in quantum dots, where it is a major limitation to
the generation of entangled photons [3, 4]. Biexcitons,
also known as exciton molecules, are fundamental to the
nonlinear optical response of semiconductors. Based on
a many-body theory including biexcitonic effects, nonlin-
ear pump-probe experiments in InGaAs quantum wells
have been successfully described [5, 6] without taking
electron-hole exchange into account. On the other hand,
several authors have recognized the relevance of electron-
hole exchange for biexcitons in materials like CuCl and
CdS [7–13]. Although in some cases significant correc-
tions of biexciton binding energies due to electron-hole
exchange have been reported, a fine-structure splitting
of biexcitons has not been discussed.
Atomically thin TMDC semiconductors offer new pos-
sibilities for studying Coulomb correlation effects by in-
troducing reciprocal-space valleys as a new degree of free-
dom selectively addressable by circularly polarized light.
Electron-hole exchange has strong implications for the
valley dynamics and is currently an object of intense re-
search [14–17]. The theory of electron-hole exchange in
TMDC semiconductors has been put on a microscopic
basis by Qiu et al. [18], who discussed the resulting non-
analytic exciton dispersion and strong splitting between
bright and dark excitons. Similarly strong effects are ob-
served in the fine-structure splitting of inter- and intra-
valley trions in these materials [19–21]. It is worth specu-
lating whether biexcitons could also have a fine structure
with implications for nonlinear optical effects utilized in
coherent control schemes [22] and for manipulation of ex-
citon spin coherences [23]. However, even modern vari-
ational approaches that have been applied to describe
biexcitons in TMDC semiconductors rely on simple band
structures and Coulomb interaction models, neglecting
electron-hole exchange effects entirely [24–27].
In this paper, we provide evidence for a pronounced
biexciton fine structure in TMDC semiconductors by per-
forming for the first time material-realistic calculations of
biexciton spectra including electron-hole exchange inter-
action. We condense the full microscopic theory into a
simple four-particle-configuration model for biexcitons to
identify the relevant interaction processes and optical se-
lection rules. Our theory shows that the biexciton fine
structure is caused by nonlocal electron-hole exchange,
while local exchange leads to an increase of the binding
energy of the lowest biexciton state. Ultrafast pump-
probe experiments performed on monolayer WSe2 ver-
ify the theoretical prediction by showing a distinct biex-
citon fine structure in excellent quantitative agreement
with the calculated spectrum. All biexciton resonances
are found to be spectrally located between exciton and
trion, which is consistent with the spectral ordering ob-
served in monolayer MoSe2 by two-dimensional coherent
spectroscopy [28]. Our results give rise to a new pic-
ture of multi-exciton states as quantum superpositions
of many-body configurations dominating nonlinear opti-
cal response in TMDC semiconductors. Thereby we aim
to stimulate new experiments to observe fine structures
also in higher Coulomb complexes.
Biexcitons can be detected in nonlinear optical mea-
surements, where biexciton formation can either take
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2Figure 1: Pump-probe selection rules of biexcitons in monolayer TMDC. (a) Coherent biexcitons with zero
total momentum are resonantly excited by pump and probe photons with cross-circular polarization. The solid
parabola denote the relevant like-spin conduction and valence bands around the K and K’ points, while the dashed
parabola denote split-off conduction bands with unlike spins. The biexciton state
∣∣B↑⇑↓⇓KK’ (q = 0)〉 emerges from the
mutual Coulomb interaction of two electrons and two holes and can be pictured as being composed of two excitons
in the K and K’ valleys with momentum q = 0. (b) Schematic of a pump-probe experiment with two equivalent
excitation pathways leading to two equivalent bright biexciton states. The biexciton binding energy is given by the
difference between the biexciton energy and the exciton-exciton scattering continuum edge denoted by
∣∣2X〉. (c)
Differential absorption of WSe2 pumped at the red wing of its neutral exciton resonance in a pump-probe
experiment with cross- (left panel) and co-circularly polarized (right panel) pump and probe pulses.
place coherently or incoherently. In the latter case, the
semiconductor is excited above the single-particle band
gap to generate hot carriers that may relax and form
excitons and biexcitons by passing excess energy to the
lattice before carrier recombination sets in. In a resonant
pump-probe experiment, a pump tuned to the exciton en-
ergy leads to an induced absorption of the probe, tuned
to the energy red-shifted from the pump by the biexci-
ton binding energy.[6] This coherent process of biexciton
creation is cleaner and easier to compare with a micro-
scopic theory. The measured pump-probe signal is gov-
erned by optical selection rules that typically allow the
observation of biexcitons only for certain combinations
of pump- and probe-polarizations. In atomically thin
TMDC semiconductors, K and K’ valleys are linked by
time-reversal symmetry. Further, strong spin-orbit split-
ting of the valence band leads to a coupling of valley and
spin selection rules, and thus valleys can be selectively ex-
cited with circularly polarized light. [29] As it is known
from conventional semiconductors, biexcitons can only
be excited when pump and probe photons have opposite
polarization [30] as illustrated in Fig. 1. For co-circular
pump-probe, no biexciton signal is expected. To test this
prediction, we perform near-resonant pump-probe exper-
iments on a mechanically exfoliated tungsten diselenide
(WSe2) monlayer kept at a temperature of 13 K in a
closed-cycle cryostat. For details of the experiment see
the Methods section. The results of measurements with
cross- and co-circular polarization of pump and probe
pulses are shown in the left and right panels of Fig. 1(c),
respectively. As will be shown later, biexcitons in this
material show up in the spectral region between the neu-
tral exciton and the trion. Indeed, the experiment shows
a distinct induced absorption in this area, which is only
present for cross-circular polarization of pump and probe
pulses. Spectra of the sample and a set of pump-probe
experiments over an extended spectral and time range
are shown in the Supplementary Information.
For a quantitative description of the observed ab-
sorption feature, we introduce a simple yet powerful
model based on a small Hilbert space of four-particle
configurations to analyze the effect of electron-hole ex-
3change on optical biexciton spectra. The model is un-
derpinned by a microscopic theory of biexcitons, which
we discuss in detail in the Methods section and use
to obtain precise numbers that can be compared to
experiment. In pump-probe experiments, only biexci-
tons with vanishing total momentum can be observed.
Due to translational symmetry of the crystal, biexci-
tons with different total momentum do not couple, so
that we can limit the Hilbert space of our model to
biexcitons with vanishing total momentum. Moreover,
monolayer WSe2 exhibits a conduction-band splitting
of about 50 meV at the K-point due to spin-orbit in-
teraction as schematically shown in Fig. 1(a). Due to
the large conduction-band splitting, coupling between
upper and lower conduction band is expected to be
weak. Hence we can exclude the lower conduction band
from our theory, which significantly simplifies the dis-
cussion of results. Consequently, in the subspace of
zero-momentum biexcitons there are six degenerate con-
figurations including biexcitons composed of two dark
excitons with opposite finite momentum |K − K′| pre-
sented in Fig. 2(a):
{∣∣B↑⇑↑⇑KK (0)〉, ∣∣B↑⇑↓⇓KK’ (0)〉, ∣∣B↓⇓↑⇑K’K (0)〉,∣∣B↑⇓↓⇑K’K (−K)〉, ∣∣B↓⇑↑⇓KK’ (K)〉, ∣∣B↓⇓↓⇓K’K’ (0)〉}. Only the con-
figurations
∣∣B↑⇑↓⇓KK’ (0)〉 and ∣∣B↓⇓↑⇑K’K (0)〉 corresponding to
the pump-probe excitation pathways shown in Fig. 1(b)
have non-zero oscillator strength Nevertheless, all six
configurations are eigenstates with energy E of the four-
particle Hamiltonian H0 that contains the kinetic ener-
gies of two electrons and two holes as well as the direct
Coulomb interaction between them in analogy to the hy-
drogen molecule. By adding electron-hole exchange to
this picture, we introduce interaction between the config-
urations leading to new eigenstates and -energies. This
concept of interacting configurations is well-known from
many-electron atoms or semiconductor quantum dots. It
is the new eigenstates including interaction which are ob-
served in experiment instead of the configurations. All
six configurations are coupled by electron-hole exchange
and are thus necessary to be included in the model. Mi-
croscopically, there are local and nonlocal contributions
to electron-hole exchange. Nonlocal exchange mixes ex-
citons in the K and K’ valleys, thereby reducing valley
selectivity [14–17]. At the same time, a non-analytic
lightlike exciton dispersion for like-spin excitons emerges
together with a momentum-dependent splitting. Local
exchange on the other hand leads to an overall blue shift
of like-spin excitons, which we refer to as local-field ef-
fect. A detailed discussion for monolayer MoS2 is given in
Ref. [18] and comparable numerical results for monolayer
WSe2 are shown in Fig.2 in the Supporting Information.
The effects of electron-hole exchange on biexciton con-
figurations are schematically explained in Fig. 2(b) and
(c). The nonlocal and local contributions to exchange
are described by the Hamiltonians HU and HLF, respec-
tively, which have to be added to H0. We set up the total
Hamiltonian by using the six configurations as a basis:
Hij =
〈
Bi
∣∣H0∣∣Bj〉+ 〈Bi∣∣HU +HLF∣∣Bj〉
= E + Uij + ∆LF,ij .
(1)
The off-diagonal matrix elements take into account the
spin-selection rules due to electron and hole spins in the
configurations. To obtain an analytically solvable prob-
lem, we assume that all non-zero exchange matrix ele-
ments have the same values U and ∆LF, respectively.
The full Hamiltonian is given in the Methods section. To
be more transparent, we first analyze the biexciton spec-
trum in the absence of local-field effects by diagonalizing
H0 +HU, obtaining the eigenvalues{
E1 = E, E2 = E + 2U, E3 = E + 2U,
E4 = E + 2U, E5 = E + 4U, E6 = E + 6U
}
.
(2)
Hence without local-field effects the lowest biexciton en-
ergy, E, remains unchanged by exchange interaction. At
the same time a triplet of states is split off by twice the
exchange matrix element U . Including local-field effects
perturbatively viaHLF, we find the first-order energy cor-
rection to the lowest eigenenergy to be 4/3∆LF. The low-
est eigenstate is thus shifted less than the exciton-exciton
scattering continuum (2∆LF) as illustrated in Fig. 2(d).
This is due to the fact that the unlike-spin biexciton con-
figurations 4 and 5 in Fig. 2(a) are mixed into the new
eigenstates but do not experience any local-field shift.
The net result is an increase of the largest binding energy
by 2/3∆LF in good agreement with the full microscopic
solution.
We draw conclusions about the optical visibility of the
interacting states under cross-circular excitation by cal-
culating dipole matrix elements:
|di|2 =
∣∣∣〈φi∣∣σ+∣∣X↑⇑K 〉∣∣∣2
=
∣∣∣〈φi∣∣B↑⇑↓⇓KK’ (0)〉+ 〈φi∣∣B↓⇓↑⇑K’K (0)〉∣∣∣2 , (3)
where
∣∣φi〉 are the eigenstates including nonlocal
electron-hole exchange and σ+ creates an electron-hole
pair at K’ as shown in Fig 1 (b). It follows that three of
the biexciton states including exchange interaction are
bright with |d1|2 = 2/3, |d2|2 = 1 and |d6|2 = 1/3
corresponding to the eigenenergies E1, E2 and E6 given
above. This remains true in the presence of local-field
effects although the values of dipole matrix elements
change. Hence we expect to observe three bound biex-
citons, which are quantum superpositions of the ba-
sic four-particle configurations, with different oscillator
strengths.
The above prediction of a biexciton fine structure is
confirmed by a quantitative analysis of the experimen-
tal data. In Fig. 3(a) we present time-resolved differ-
ential absorption data obtained from the cross-polarized
4Figure 2: Configuration picture of biexcitons in monolayer WSe2. (a) Biexciton configurations realized by
pairing like- and unlike-spin excitons with different total momenta q in monolayer TMDC. Only two of the
configurations (2 and 3) can be optically excited in a pump-probe experiment as shown in Fig. 1. (b) Nonlocal
electron-hole exchange induces interaction, given by the matrix element U , between biexciton configurations that
differ by the spin flip of one electron-hole pair. (c) Local electron-hole exchange induces a blue shift ∆LF of like-spin
(triplet) excitons leading to a singlet-triplet exciton splitting. The blue shift is transferred to biexciton
configurations composed of two like-spin excitons (configurations 1,2,3 and 6). (d) Schematic four-particle energy
spectrum including six degenerate biexciton configurations as introduced in (a) below the exciton-exciton scattering
continuum. Local electron-hole exchange interaction shifts the continuum by 2∆LF, while nonlocal exchange leads to
a fine structure of biexciton states by mixing all configurations. The shift of the lowest biexciton state can be
qualititively understood from the configuration-interaction model, while precise numbers are obtained from a
microsopic theory, see discussion in the text.
pump-probe signal exhibiting distinct signatures of ex-
citon and trion as well as an additional resonance be-
tween them. In Fig. 3(b), the corresponding differential
absorption spectra at zero time delay are shown. The
pump energy is varied across the exciton resonance from
1759 meV to 1741 meV while the probe wavelength is
scanned from 1762 meV down to 1712 meV. Biexciton
signatures are expected to show up as positive signals,
as they result from induced absorption. The experimen-
tal data can be perfectly described by fitting curves that
take into account three biexciton resonances with binding
energies 18.3±0.5 meV, 10.3±0.5 meV and 3 meV, respec-
tively. For the fitting, while the amplitudes of each biex-
citon resonance are allowed to vary with changing pump-
pulse energies, the center biexciton consistently has the
strongest amplitude as estimated from our configuration
model. For further details of the fitting process see the
Supporting Information. In addition to the biexcitons,
our fit takes into account the differential exciton absorp-
tion resonance. We allow for a pump-induced energy
shift, absorption bleaching and asymmetry of the line
shape, where the lines becomes narrower on the red side
and wider on the blue side. The latter is required to un-
derstand the signatures between 1750 and 1755 meV that
can be fit systematically for all pump wavelengths, which
we illustrate for an example in Fig. 3(b) and (c). The ex-
citon line asymmetry can be attributed to dephasing pro-
cesses due to biexciton scattering states as discussed in
[6, 31]. Finally, we account for a differential trion signal
at 25 meV below the exciton by an additional negative
resonance. As fit model we use Sech-functions for all res-
onances [32] with a width (FWHM) of the exciton line
5Figure 3: Differential absorption of monolayer WSe2 on sapphire from theory and experiment. (a)
Time-resolved differential absorption data from cross-polarized pump-probe spectroscopy with a pump energy of
1744 meV. (b) The corresponding differential absorption spectra at zero time delay (filled black circles) for
pump-pulse energies ranging from 1759 meV (bottom) to 1741 meV (top) are compared to fits based on the
predictions of our theoretical model (solid lines). Details on the fits are given in the text. The different data sets are
vertically shifted for better visibility, with the zero differential absorption for each pump spectra indicated as thin
lines. (c) Fit function for absorption spectra without and with pump at 1746 meV. The pump-induced emergence of
asymmetry of the exciton line (X) as well as two prominent biexciton resonances (XX1, XX2) are visible. The third
biexciton (XX3) has a much smaller oscillator strength. (d) Differential absorption from the fitting curves in (c).
Asymmetric lineshape, bleaching and shift of the exciton lead to the remarkable signature in ∆α that is also
observed in experiment.
without pump of 10.5 meV and the same for all biexciton
lines. In most cases, we extract a small exciton redshift
below 1 meV, which points to dominant biexcitonic ef-
fects on the line shift [6, 33].
After comparing the predictions of our configuration
model with differential absorption spectra on a qualita-
tive level, we further substantiate our results by a quan-
titative assessment of biexciton binding energies. A full
microscopic description of coherent biexcitons is obtained
from a generalized four-particle Schrödinger equation in
reciprocal space including realistic band structures and
Coulomb matrix elements. Electron-hole exchange inter-
action can be systematically taken into account, which is
beyond modern variational approaches applied to TMDC
6semiconductors. [24–27] By diagonalizing the full mi-
croscopic Hamiltonian we obtain energies of bound and
scattering four-particle states. Biexciton binding ener-
gies (EB = EXX − 2EX) are then extracted by compar-
ing the lowest eigenvalues of the full four-body problem
(EXX) to the exciton-exciton continuum edge (2EX) from
a calculation for two independent excitons. Neglecting
electron-hole exchange, the calculation yields a binding
energy of 19.5 meV for the biexciton that is shown in
Fig. 1 (a) in freestanding monolayer WSe2. We com-
pare this result to previous variational calculations in
the Supporting Information. Including electron-hole ex-
change, we obtain six bound biexciton states with bind-
ing energies
{
24.2, 16.4, 15.6, 15.6, 7.1, 5.5
}
meV. Hence
the largest binding energy increases by about 4.5 meV
due to exchange. This underlines the quality of our con-
figuration model, which predicts an increase of biexci-
ton binding energy due to local-field effects by 2/3∆LF,
where we find ∆LF = 7 meV from a microscopic cal-
culation. The correction of biexciton binding energies
being proportional to the singlet-triplet exction splitting
∆LF has been discussed before for materials like CuCl
and CdS [11]. At the same time, a group of three al-
most degenerate less tightly bound states as well as two
isolated states emerge due to nonlocal electron-hole ex-
change, again in agreement with our configuration model.
This spectral structure is preserved in the presence of a
dielectric environment of the TMDC monolayer given in
experiment, where it is placed on a sapphire substrate.
We simulate the resulting screening effects with a macro-
scopic dielectric function as discussed in the Methods sec-
tion. We assume that the TMDC layer is van der Waals-
bound to the substrate with dielectric constant ε = 10
and a distance of 3 Å between the outer atomic layers
of TMDC and substrate, which has been shown to be
reasonable [34, 35]. The resulting binding energies are{
19.8, 12.3, 11.6, 11.6, 3.4, 3.1
}
meV. Considering the op-
tical selection rules discussed above, our microscopic the-
ory thus predicts biexciton binding energies around 20,
12 and 3 meV to be observed in experiment. These val-
ues are in very good agreement with the binding energies
we obtained from fitting the differential absorption spec-
tra as shown in Fig. 3. The binding energies are only
slightly overestimated by theory, most probably because
screening by residual carriers is not taken into account.
Exchange interaction between electrons caused by their
indistinguishability is at the heart of quantum mechanics
and chemical bonding. Electrons and holes in a semi-
conductor on the other hand are approximately distin-
guishable, which generally results in weak electron-hole
exchange effects. For example, in semiconductor quan-
tum dots, the exciton fine structure due to electron-hole
exchange is on the order of µeV, while in quantum wells
no such effects have been observed. Our results show that
atomically thin TMDC semiconductors are well-suited to
study the fine structure of correlated Coulomb complexes
experimentally as these materials combine large binding
energies and relatively strong electron-hole exchange in-
teraction. Biexcitons, as complexes that are fundamen-
tal to the nonlinear optical response of semiconductors,
reveal a distinct fine structure that can be traced back
to electron-hole exchange, along with local-field correc-
tions to biexciton binding energies. The fitting of ex-
perimental differential absorption spectra assuming three
biexciton resonances, where the binding energies are very
consistent at eight different pump wavelengths, strongly
support the predictions of our microscopic theory quan-
titatively. Even more so as we can at the same time
reproduce the complex differential line shape of the ex-
citon resonance caused by biexciton correlations, which
has not been reported before for TMDCs. This is con-
sistent with the biexciton resonances to be spectrally lo-
cated between exciton and trion as observed in monolayer
MoSe2 by two-dimensional coherent spectroscopy [28].
Previously, larger biexciton binding energies have been
inferred from experimental observations of other stable
many-body states in TMDCs [30, 36–41].
We further demonstrate that profound insight into the
relevant interaction processes can be gained by condens-
ing the full microscopic theory into a simple configura-
tion model for biexcitons. From the observation that the
simple model captures the structure of the full spectrum
we conclude that the latter is essentially determined by
the spin-selection rules of electron-hole exchange, while
precise numbers can be obtained from microscopic calcu-
lations.
The understanding of the biexciton fine structure
opens a new field of research as the conclusions we draw
are not limited to WSe2 on sapphire substrate but are
general for most vertical heterostructure based on semi-
conducting TMDCs. Even richer fine structures are ex-
pected for molybdenum-based materials due to the prac-
tically degenerate conduction bands, where more biexci-
ton configurations can take part in the interaction. The
configuration picture we present here can moreover be
extended to consider electron-hole exchange in higher
Coulomb complexes in TMDCs. The biexciton fine struc-
ture does not rely on the existence of several inequiva-
lent valleys as a single spin-degenerate conduction- and
valence-band valley should have the same effect. Such a
situation is given for thallium halides, where a configu-
ration picture has already been applied to determine the
effect of electron-hole exchange on the lowest biexciton
state [12]. However, a biexciton fine structure has not
been predicted there. Neither has it been attempted to
calculate material-realistic spectra for classical materials
with strong biexciton signatures like CuCl. We conclude
that reconsidering such materials by means of both mod-
ern computational and experimental methods could re-
veal previously undiscovered biexciton properties.
In the light of our results, the question arises whether
electron-hole exchange effects are carried over to TMDC
7nanostructures [42–44] or localized biexciton complexes
[45] both envisaged for quantum-optical applications.
The biexciton fine structure in TMDC layers, as we de-
scribe it here, crucially depends on the existence of sev-
eral four-particle configurations, due to the continuous
density of states provided by the band-structure valleys,
interacting via electron-hole exchange. If only a discrete
density of states is realized in a nanostructure, we expect
just a single biexciton line as in semiconductor quantum
dots. However, the microscopic understanding of TMDC
nanostructures and their electronic states is still at its
very beginning and remains a fascinating topic for future
investigations.
METHODS
DCT Theory for biexcitons including electron-hole
exchange
The equations that describe coherent biexcitons in a
pump-probe setup on a micropscopic basis are derived
using the dynamics-controlled truncation (DCT) scheme
[46, 47] that has been sucessfully used in the past to de-
scribe biexcitonic effects in quantum-well structures [5].
This method allows to systematically account for non-
linear contributions to exciton dynamics up to a certain
order in the exciting optical fields within the coherent
limit. Biexcitonic contributions appear in third order
(χ(3) non-linearity) and the biexciton spectrum is gov-
erned by the homogeneous equations of motion for the
four-particle correlations
Bheh
′e′
k,k′ (q) : =
〈
ah
′
−k′−qa
e′
k′a
h
−ka
e
k+q
〉
−
〈
ah
′
−k′−qa
e′
k′
〉〈
ah−ka
e
k+q
〉 (4)
with electron and hole annihilation operators aek and a
h
k:
d
dt
Bheh
′e′
k,k′ (q) = (ε
h′
−k′−q + ε
e′
k′ + ε
h
−k + ε
e
k+q)B
heh′e′
k,k′ (q)
− 1A
∑
q′h¯′e¯′
(
V e
′h¯′h′e¯′
k′,k′+q−q′,k′+q,k′−q′ − Ue
′h¯′e¯′h′
k′,k′+q−q′,k′−q′,k′+q
)
Bheh¯
′e¯′
k,k′−q′(q)
− 1A
∑
q′h¯e¯
(
V eh¯he¯k+q,k−q′,k,k+q−q′ − Ueh¯e¯hk+q,k−q′,k+q−q′,k
)
Bh¯e¯h
′e′
k−q′,k′(q)
+
1
A
∑
q′h¯h¯′
V h
′h¯hh¯′
k′+q+q′,k−q′,k,k′+qB
h¯eh¯′e′
k−q′,k′(q+ q
′)
− 1A
∑
q′h¯e¯′
(
V e
′h¯he¯′
k′,k−q′,k,k′−q′ − Ue
′h¯e¯′h
k′,k−q′,k′−q′,k
)
Bh¯eh
′e¯′
k−q′,k′−q′(q+ q
′)
+
1
A
∑
q′e¯e¯′
V ee¯
′e′e¯
k+q,k′,k′+q′,k+q−q′B
he¯h′e¯′
k,k′+q′(q− q′)
− 1A
∑
q′h¯′e¯
(
V eh¯
′h′e¯
k+q,k′+q−q′,k′+q,k+q−q′ − Ueh¯
′e¯h′
k+q,k′+q−q′,k+q−q′,k′+q
)
Bhe¯h¯
′e′
k,k′ (q− q′) .
(5)
A denotes the crystal area. Eq. (5) represents a
generalized four-particle Schrödinger equation for zero
total momentum in reciprocal space including arbi-
trary band structures ελk and Coulomb matrix elements
V λ1λ2λ3λ4k+q,k′−q,k′,k in the c-v picture as usually obtained from
first-principle calculations. The six “direct” interaction
terms with matrix elements V and momentum trans-
fer q′ are analogous to Coulomb interaction between the
four particles in a hydrogen molecule. The additional
terms describe electron-hole exchange, which is beyond
the picture of biexcitons as semiconductor counterpart
to hydrogen molecules. As the Coulomb interaction is
spin-diagonal, only the electron-hole exchange terms cou-
ple biexcitons with different spin combinations. We con-
sider the two highest conduction and two lowest valence
bands of a TMDC semiconductor here, hence e and h
label the respective spin index. Otherwise there would
be additional exchange terms between different conduc-
tion and different valence bands in Eq. (5). Note that
8the electron-hole exchange interaction is described by un-
screened Coulomb matrix elements U , see [2, 18, 48],
while V denotes matrix elements screened by carriers
in occupied bands and the dielectric environment of the
TMDC layer. The first three lines of Eq. (5) describe
two independent excitons containing the exciton-exciton
continuum edge as lowest eigenstate.
As those TMDC biexcitons visible in pump-probe ex-
periments are hosted in the K and K’ valleys of the Bril-
louin zone, we limit our single-particle basis to these val-
leys, where we carefully converge our results with respect
to the radius in k-space around K and K’ and to the res-
olution of the used Monkhorst-Pack mesh. More details
on the convergence are given in the Supporting Informa-
tion. To obtain biexciton spectra numerically, we have
to diagonalize the homogeneous equation of motion (5)
in matrix form set up in a basis defined by the quantum
numbers {k,k′,q, e, h, e′, h′}. Since the resulting matrix
can amount up to several Terabytes depending on the
used k-mesh, we utilize an iterative Krylov space method
as contained in the SLEPc package [49] for the PETSc
toolkit [50] to obtain only the lowest eigenvalues. Due to
the numerical discretization of momentum space, there
is an uncertainty of binding energies of ±1 meV.
Material-realistic description of Coulomb interaction
We combine the above many-body theory of biexcitons
with ab-initio methods providing material-realistic band
structures and bare as well as screened Coulomb matrix
elements on a G0W0 level as input for the equations of
motion (5). More details on the G0W0 calculations are
given in Ref. 51. The valence- and conduction-band split-
ting caused by spin-orbit interaction is described along
the lines of [51, 52] including first- and second-order ef-
fects. To take into account dielectric screening by the en-
vironment, we use the Wannier function continuum elec-
trostatics (WFCE) approach described in [35, 53] that
combines a continuum electrostatic model for the screen-
ing with a localized description of Coulomb interaction.
A parametrization of Coulomb interaction in monolayer
WSe2 in terms of a localized basis
∣∣α〉 consisting of Wan-
nier functions with dominant W-d-orbital character is
provided in Ref. 54. We obtain Coulomb matrix elements
in Bloch-state representation by a unitary transformation
Uλ1λ2λ3λ4k+q,k′−q,k′,k =∑
αβγδ
(
cλ1α,k+q
)∗(
cλ2β,k′−q
)∗
cλ3γ,k′c
λ4
δ,k U
αβγδ
q
(6)
with coefficients cλα,k that connect the localized and the
Bloch basis on a G0W0-level as described in [51]. While
for the direct Coulomb interaction density-density-like
contributions V αββαq are dominant, in turns out that a
proper description of electron-hole exchange additionally
requires matrix elements that are exchange-like in the
local representation:
Uαβγδq = U
αββα
q δαδδβγ + U
αβαβ
q δαγδβδ . (7)
The density-density-like matrix elements are momentum-
dependent and thus nonlocal in real space with a char-
acteristical 1/q-behavior for small momenta. A numeri-
cal analysis shows that they yield the main contribution
to the longitudinal-transverse exciton splitting shown in
Fig. 2 in the Supporting Information that leads to a
light-like dispersion of the upper exciton branch. The
exchange-like matrix elements on the other hand are
practically momentum-independent and correspond to
local interaction processes. They alone are responsible
for the almost momentum-independent exciton blue shift,
which is therefore termed a local-field effect. Unlike the
density-density-like matrix elements, the exchange-like
matrix elements are not obtained via WFCE but fit di-
rectly with a constant value.
The exchange effects can also be understood by ana-
lyzing Coulomb matrix elements like Ueh¯e¯hk+q,k−q′,k+q−q′,k
in Eq. (5) for k and k − q′ in the vicinity of K and K’
and small exciton momenta q. To this end, we resort to
the dm=0- and dm=±2- orbital character of Bloch states
in the K- and K’-valleys as obtained analytically from
a simple lattice model [29, 55]. It turns out that in-
dex combinations Uαββα lead to intra- and inter-valley
exchange terms that scale linearly with |q|, while com-
binations Uαβαβ yield intra-valley terms that have con-
stant and quadratic contributions. A similar discussion
of electron-hole exchange in much detail has been led by
Qiu et al. for monolayer MoS2 [18], with the difference
that they use a plane-wave description of Coulomb in-
teraction. In monolayer WSe2 the exchange-like matrix
elements, if normalized to a unit-cell area, amount to 0.39
eV for interaction between dm=0- and dm=±2-orbitals and
to 0.19 eV for interaction among dm=±2-orbitals. We
find that matrix elements involving three different or-
bitals that would in principle additionally contribute to
the above-mentioned effects are negligible with respect
to the other ones.
Simplified model of electron-hole exchange
Eq. (5) constitutes a four-particle Hamiltonian whose
eigenstates describe biexcitons with vanishing total
momentum. The Hamiltonian can be split into a part
without electron-hole exchange H0, a part including non-
local exchange HU and a local-field part HLF according
to the Coulomb matrix elements V , Uαββα and Uαβαβ
involved, see Eq. (7). The four-particle configurations{∣∣B↑⇑↑⇑KK (0)〉, ∣∣B↑⇑↓⇓KK’ (0)〉, ∣∣B↓⇓↑⇑K’K (0)〉,∣∣B↑⇓↓⇑K’K (−K)〉, ∣∣B↓⇑↑⇓KK’ (K)〉, ∣∣B↓⇓↓⇓K’K’ (0)〉} are eigen-
states of H0 with eigenenergies E. These configurations
9with carrier spins as upper indices are superpositions
of four-particle states Bheh
′e′
k,k′ (q) given by the quasi-
momenta −k, k + q, k′ and −k′ − q as evident from
Eq. (5). The configurations can also be seen as super-
positions of two-exciton states with different exciton
momenta. This is expressed by the lower configuration
indices denoting the valleys where the excitons reside,
while the dominant exciton momentum q is given in
brackets. Electron-hole exchange introduces off-diagonal
matrix elements
〈
Bi
∣∣HU + HLF∣∣Bj〉 = Uij + ∆LF,ij .
Taking into account the electron and hole spins in the
basis configurations, we can determine those exchange
matrix elements that do not flip carrier spins and are
thus non-zero. As a simplification, we assume that all
non-zero exchange matrix elements have the same values
U and ∆LF, respectively. Then the full Hamiltonian
in the subspace of bound biexcitons is given as a 6x6
matrix by
H = (E + 2U)1 + U

2 1 1 1 1 0
1 0 0 0 0 1
1 0 0 0 0 1
1 0 0 0 0 1
1 0 0 0 0 1
0 1 1 1 1 2

+2∆LF

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1

= H1 +HLF .
(8)
Biexciton energies E without electron-hole exchange
appear as diagonal entries together with twice the
exchange matrix element U , as each biexciton state
allows for at least two different exchange processes
between like-spin electron-hole pairs. The second
matrix takes care of all possible interaction processes
between the biexciton configurations and the final one
accounts for the local-field shifts of those states that
contain two like-spin excitons, see Fig 2 (a), which
excludes configurations 4 and 5. To obtain a clear
picture, we diagonalize the matrix H1 without local-field
contributions, which we include afterwards using per-
turbation theory. The eigenenergies of H1 are given by
Ei = {E,E + 2U,E + 2U,E + 2U,E + 4U,E + 6U} and
the corresponding eigenstates
∣∣Φi〉 are
1/
√
6(1,−1,−1,−1,−1, 1)T , 1/2(0, 1, 1,−1,−1, 0)T ,
1/
√
2(0, 1,−1, 0, 0, 0)T ,
1/
√
2(0, 0, 0, 1,−1, 0)T ,1/√2(1, 0, 0, 0, 0,−1)T and
1/
√
12(2, 1, 1, 1, 1, 2)T . The first-order energy correction
to the lowest eigenenergy is
〈
Φ1
∣∣HLF∣∣Φ1〉 = 4/3∆LF.
Sample characterization
Based on previous studies of similarly prepared sam-
ples [56], we consider that the sample is n-doped. The
electronic structure of the sample is characterized by
exciting photoluminescence (PL) with a helium neon
laser (632.8 nm), and measuring the differential absorp-
tion, using the output of a titanium-sapphire laser tuned
across the A exciton and trion resonances of the sample.
In both cases, we obtain spectra with clearly pronounced
inhomogeneously broadened signatures of the neutral ex-
citon and the two overlapping trions. More details are
given in the Supporting Information.
Pump-probe experiment
The experiments are carried out by splitting the out-
put of a titanium-sapphire laser to a pump and a probe
beam. The output pulses have a spectral full width at
half maximum (FWHM) of 15 nm. Their spectra are
shaped in two grating-based pulse-shapers using an am-
plitude mask to a spectral width of about 0.7 nm FWHM,
corresponding to a duration of about 1 ps FWHM in
time. The intensity of both beams is modulated by pass-
ing them through acousto-optical modulators driven at
about 3 MHz with a difference of a few kHz. Polariza-
tion control is carried out by linear polarizers and sub-
sequent quarter-wave plates. The beams are overlapped
spatially in a beamsplitter cube and focused on the sam-
ple by a 100x microscope objective to a spot size of 2 µm
in diameter. Intensity dependent studies are performed
to ensure that the data taken at ≈ 10 µW are in the
χ(3) regime and to avoid excessive heating. After pass-
ing through the sample, the pump part is filtered out by
a monochromator. The differential transmission is de-
tected by a silicon detector coupled to a lock-in amplifier
set to the difference frequency of the pump and probe
modulations. Assuming no purely reflection-related res-
onances, this can be directly correlated to the negative
differential absorption.
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